
III.3 Applications

1. X = ⇒ π1(X) = Z ∗
{e}

Z = Z ∗ Z = F2

(Free group with 2 generators)���� circle
�� � ��
	��
������� � open set

�� � U , V � ���� �������� ( ��  , U = ,V = ),
π1(U) = π1(V ) = Z !�" �� π1(U

⋂
V ) = {e} !�"$#%'&( amalgamated product )� �+*-,.���� �������� π1(X) = F2 /102 �� �43156879 /10:<; � .= 5>@?A B+CEDFHG�IJLK%'&( π1( ) = F3(Free group with 3 generators) !�" ; � .

2.
S2 )� � ��M	��
N���O�� � open set PQ circle

�� � ��M	��

������ � open set

�� � *-,. ���� ���R���� , π1(S2) = 1,
π1(S

1) = Z !�" �� �SUT�VJXWZY[]\^ fundamental group ?A B
trivial group !�"�#%_&( , `acbRde PQ = 5>f?A B surface \^
fundamental group ?A B

1 ∗ Z = Z

!�" ; � .
3. X = M 2, closed surface.
(1) orientable case��g�ihkj Torus \^ lnmoqp9 )� � *-,. ���� ���R���� , 315rtsvuwyx{z�|-}�~ 56������� B � ���� = 5> !�" Fundamental
group !�" Z

⊕
Z !�" ; � . !�"�)� � Van-Kampen Theorem

�� � !�"����� �����v����������(�� � .

= b

a

b

a

U

V

Torus �� �+� � �������� X\^ ����¢¡ �� �� � |-} &( Identify ����£¤ B l¦¥§ PQ = 5> ; � . ¨©«ªA B­¬®  \^ `acbRde x{zO|-}�� = 5> !�" Torus x{zO|-}t¯E°±³²�´2cµ�¶ £¤ B open set
�� � U , `a ²�´2 �� �¢��
	��
������� � open neighbor-

hood )� � V � �·�� �������� , U ⋂
V �� � annulus �� = 5> K% #%_&( π1(U

⋂
V ) = Z !�" �� , V �� �

disk !�"�#%_&( π1(V ) = {e} !�" ; � . ¸© ¯E°±º¹» ¼³½¿¾ 1 x{zO|-} π1(U) = π1(figure eight) /102 �� �3156�À � �� BÁ� � /10: K% #%'&( , ( Â�ÃÄ ½¿¾ &( `acbRde x{z�|-} figure eight a∪ b �� � U \^ strong defor-
mation retract Å �³ÆÇÉÈ �� �4ÊËÍÌÏÎ�Ð 3156Ñ79 /10:<; � .) π1(U) = Z ∗ Z = F2 !�" ; � .
group presentation

�� � !�"Ò���� ���E�v� amalgamated product )� � �� ���EÓ "fÔÕ �����v� ����
group \^ generator )� �43156qÀ � �( ���� , π1(U) \^ generator �� � ÔÕ `acbRde x{z�|-} loop a, b \^
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equivalence class Ö× Ø !�" �� , π1(U
⋂
V ) \^ generator �� � ²�´2ÏÙÚ ÔÕ )� � ¯E°± � ��ÛÜ Ý© �� � loop

(c � �·�� ��� � � ) \^ equivalence class !�" ; � . π1(V ) \^ generator �� � Þ Iß K% #%_&( Amal-
gamated product �� � a, b &( generate àá �� � free group x{z relation â�ãä ÙÚ ���� àá �� �]åçæ ,
loop c �� � U \^ loop &( �( ���� aba−1b−1 !�" �� V \^ loop &( �( ���� constant loop !�"�#%&( relation ?A B aba−1b−1 = 1 /102 �� �¢3156Ñ79 /10:è; � .é � � � |-} , π1(Torus) =< a, b | aba−1b−1 >= Z

⊕
Z !�" ; � .

ê �Rë�ìí Å �1î " &( genus Å � 2 ï1ð� surface x{ztñóò ��� |-} *-,. ���� �����( ���� , genus Å � 2 ï1ð� surface �� �
Torus )� � 2

Îõô
connected sum ���ö£¤ B l¦¥§ !�"�#%_&( ; � �� ÷ `aøbRde PQ = 5> !�" 8 ��������  �� � !�"����� ����v�<ùúUûküý WZYþ 79 /10:<; � .

=

b

a

d−1

c−1

d

c
b−1

a−1

¨©«ªA B­¬®  `acbRde x{z�|-} ²�´2iÿ g� �� � é � � � � ���� ���� ���� ���� ?A B Torus x{z disk )� ����� ���
	��
 l¦¥§ PQ = 5>
�� ÷ �� � 3156 79 /10:è; � . ( ²�´2iÿ g���Ú��¤ B !�" disk Å ���� � ; � .) é � � � |-} ÔÕ `acbRde ?A B 2

Îõô \^ Torus x{z|-} disk )� ����� ����� ò �� disk �$"��E"��� � ï1ð� l¦¥§ !�"$#%'&( ( ; � � ""! 56 ��� connected sum) genus Å �
2 ï1ð� surface )� �$# ��%��&	��
 ; � .
Torus \^ lnmoqp9 �� ê ��ë�ìí Å �1î " &( *-,. ���� �����( ���� , !�" surface \^ fundamental group ?A B

< a, b, c, d | aba−1b−1cdc−1d−1 >

!�" ; � . ' Vw)( ìí ²�´* K%_&( genus Å � g ï1ð� surface �� � 4g
��������  K%'&( ùúfûküý WZYþ 79 /10:è; � . ÔÕ �� = 5>

?A B CEDF G�IJ<K%_&( U , V )� �,+�5- �� amalgamated product ���R����

π1(Σg) =< a1, b1, · · · , ag, bg |

g∏

i=1

[ai, bi] >

/102 �� �¢3156Ñ79 /10:è; � . ( �v�OÓ " |-} [ai, bi] = aibia
−1
i b−1i : commutator of a and b)
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(2) Non-orientable case
Non-orientable surface M ?A B M = Nk = RP 2]RP 2] · · · ]RP 2 &( # �.%��&/�01879 /10:; � .é � � � |-} , M ?A B ; � �� ÷ `aøbRde PQ = 5> !�" ; � ����q���  K%_&( ùúfûküý WZYþ 79 /10:è; � .

a1a3

a3

a2 a2

a1

ÔÕ `aøbRde ?A B M = N3
\^ lnmoqp9 ï1ð� åçæ ²�´2iÿ g� �� � é � � � � �2�� ���� Å �43¤ B åçæ65 �7 ����q���  ?A B S2 x{z

|-} disk )� � 3
Îõô ��� ���
	��
 l¦¥§ PQ = 5> �� # �&8��·î " 5 �7 ����q���  Ö× Ø ?A B RP 2 x{zO|-} disk )� �9��� ���
	��
l¦¥§ PQ = 5> ; � .( ê �Rë�ìí Å �1î " &( ²�´2 ÿ g�:�Ú,�¤ B !�" disk Å �;�� � ; � .) é � � � |-} ÔÕ Ý© ���  ?A B RP 2 3

Îõô
)� � connected sum ¯E°± l¦¥§ PQ = 5> ; � .
orientable case �� ê ��ë�ìí Å � î " &( open set U ,V )� �<+�5- �� Fundamental group

�� � Î>=
? ãä �������� ,

π1(Nk) =< a1, · · · , ak | a
2
1a

2
2 · · · a

2
k >

/102 �� �¢3156Ñ79 /10:è; � . @�  BA " k = 1 !�" ���� π1(RP 2) =< a | a2 >= Z/2 !�" ; � .
CD EGFIH 10. K : Klein Bottle
Since K = RP 2]RP 2 = N2, We know π1(K) =< a, b | a2b2 >.

But from K = d d

c

c

, we get π1(K) =< c, d | cdc−1d >.

(1) Compare two presentations.
(2) Find π1(T

2) in π1(K) as a subgroup of index 2.
(3) Can you show π1(K) is non-abelian?
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4. X = Sn, n ≥ 2 =⇒ π1(S
n) = 0

��  ( ìí �� )� � ��
	��
������� � open ball
�� � U , J �7 ( ìí �� )� � ��M	��
N���O�� � open ball

�� � V � �]������� U , V �� � K©ML9 disk !�"$#%'&( π1(U) = π1(V ) = 0 !�" ; � . é � � � |-} !�"ZÖ× Ø �� � amal-
gamated product ���R���� π1(S

n) = 0 !�" ; � .( �v�OÓ " |-} n ≥ 2 !�" ��� À N U
⋂
V Å � path

connected !�" ; � .)
¸© ¯E°± Sn ?A B RP n \^ double covering space � �O�� �¢� � Â�ÃÄ &( �ÚPO j π1(RP n) = Z/2 /102�� �43156879 /10:<; � .
!�" )� � !�"����� ���R���� ; � �� ÷ ²RQo �E" )� �TS�UV �� � ; � .
WYXZ\[^] 1 (Borsuk-Ulam)
(1) There is no anti-pode preserving map f : Sn → S1.
(2) Let f : Sn → R2 ⇒ ∃x ∈ Sn such that f(x) = f(−x)._`badcYeZ (1) anti-pode preserving map f Å �gfh Bji � ¯E°± ; ������ ; � �� ÷ diagram !�" com-
mute ¯E°± ; � .

Sn f
−→ S1

q ↓ ↓ r

RP n f̄
−→ RP 1 = S1

!�"lk m , q �� r ?A B quotient map !�" 8on f Å � anti-pode perserving !�"�#%_&( , f̄ Å � +�56 ²RQo\^ �� � ; � .
f̄] : π1(RP n) → π1(RP 1)

�� � *-,. ���� �������� , π1(RP n) = Z/2 !�" �� π1(RP 1) = Z !�"
#%'&( f̄] = 0 !�" ; � . é � � � |-} , RP n \^ loop \^ f̄ -image �� � RP 1 x{zO|-} constant loop ��
homotopic ¯E°± loop Å � àá �� !�" loop )� � S1 K%'&( �p � �E" ���� constant loop �� homo-
topic ¯E°± loop Å � àá ��� À Ny¯E°± ; � .
`arq g� åçæ , π1(RP n) = Z/2 !�"�#%_&( RP n x{z �� � constant loop �� homotopic ��� î " 315s?A B loop Å �tfh Bui � ���·�� , Sn x{zO|-} x0 �� −x0 )� � vxw� lIyw ���O�� � path )� � project � "�zEð� l¦¥§ !�"
!�"|{ � ¯E°±~}��o T�Vw �� � Å �1î " �� /10:è; � . !�" path \^ f -image �� � anti-pode preserving !�"�� ��� � Å � ²RQo x{zO|-} S1 \^ loop Å � àá î " 315s K% #%'&( diagram !�" commute ¯E°± ; �O�� �4� � Â�ÃÄ x{zK©��� � !�" ; � . é � � � |-} anti-pode preserving map f �� � fh Bji � ���1î " 315s �� � ; � .
(2) /102 \^ \^ x ∈ Sn x{zèñóò �����v� f(x) 6= f(−x) !�"k� �·�� Å � ²RQo ��� � � .
g : Sn → S1

�� � g(x) = f(x)−f(−x)
|f(x)−f(−x)|

&( ²RQo \^ ���R���� g �� � anti-pode preserving map !�"
àá #%_&( K©P�� � !�" ; � .
5. π1(M

n]Nn) = π1(M
n) ∗ π1(N

n) if n ≥ 3.
M \Bn

�� � ~ 56�� �� ��M	��
������� � open set U , N \Bn
�� � ~ 56d� �� ��
	��
������� � open set V )� �

π1(U
⋂
V ) = π1(S

n−1) = 0 !�" àá Ý©9��  +�5- �� � 79 /10: K% #%'&( � ���R�o ��� ; � .
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