II1.3 Applications

LXxX=C>> = wl(X):Z{*}Z:Z*Z:FQ
(Free group with 2 generators)

7} circle2 Z3He}= open set2 U, VEtal 3Hd (&, U =C >V == D),

m((U) = m (V) =Zo)la m(UNV) = {e}°] B2 E amalgamated productE 43
7+sh 7T1(X) =LKLY= ¢ T Uk

22 utHo R 1y O@ ) = F3(Free group with 3 generators)©] t}.
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S?2E ¥ 3+3}l= open setd} circled E
3= open set= AZSAE, m(S?) = 1,
71 (SY) = Zo] 1 W3 F2] fundamental group-=
trivial group®| 22, 138 3} Z+-2 surface?]

- fundamental group-

o)t}

3. X = M?, closed surface.

(1) orientable case

HA Torusq A5 AZstH, GFoA AHE vt} Zo] Fundamental
group®| Z @ Z°]t}. o] F Van-Kampen Theorem-g ©]-§3}o] F3f H A}

a
U
a

N4

Torwse AHZ4Pe) 7 8 M2 ontifys] 225} 20k 9 252 2YolA
2} Z+o] Torusol| A 34 W= open setS U, 18-S Z3Fs}+= open neighbor-
hoodE Vetal s, UNVE annuluse} 222 m(UNV) =2ZolaL, V=
disko] 22 (V) = {e}o]th = A 194 7 (U) = m (figure eight) @<=
ol vl 9oz (AAZ T A figure eight a U b U] strong defor-
mation retract7} 2-& GA & = Ath) m(U) =Z +Z = F>°|th

group presentatione ©|83}o] amalgamated productE& F+3}7] 93] Z+
group®] generatorg GotE W, 7 (V)2 generator= 9 L&A loop a, be]
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equivalence classs ©] 2L, m (U (V)Y generator+= FAF29 & $HlF] =+ loop
(c2}al 3FAH Q] equivalence classO] T} (V)] generator+= QOB Z Amal-
gamated product+= a,bZE generate®] = free group®l relation? £ = =4,
loop c= U9 loop& E W aba~'b~10o]11 V2] loopZ X constant loopo] =
Z relation aba b =19 & 4 Y}

webA, i (Torus) =< a,b | aba™'b~! >=Z @ Zo|t}.

R 7R 2 genusZ) 291 surfaceol] T3 A A28l A, genus7} 29 surface=
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o 4T > YTt
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Ag & 5 Atk (A7NA [as, bi] = a;bsa; 'b; ' commutator of a and b)



(2) Non-orientable case
Non-orientable surface M-& M = N, = RP2RP?}. .- iRP?Z JEld 5 9l
o},

wetA, M o 2183 Zo] tpAg o xJqT ¢ U

a3 ai
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9 2YE M = N,o] Aol AAL we A=w shed 4Ee S

A diskE 37] wl ol 3'131]' FARTRE Ao P s d us %% RP2 oA diskE ffﬂoibﬂ

74~Jr 2ok (npR7MR 2 F AR o] disk7F Fth) whebA 9 =32 RP? 370
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AFehH,

T (Ng) =< ay, - ,a | a%ag ai >

Qe o 4 Itk S8 k= 10]W 1 (RP?) =< a | a? >=Z/20]t}.

44 10. K : Klein Bottle

Since K = RP*RP? = Ny, We know 7 (K) =< a,b | a*b* >
c

But from K = d d , we get m(K)=<c,d| cdcd >

c
(1) Compare two presentations.

(2) Find 71 (7T?) in m;(K) as a subgroup of index 2.
(3) Can you show m;(K) is non-abelian?



4 X =5 n>2= m(S") =0

R E :‘TL_'@'E? += open ball& U, @¥+& E?: 3= open ballg Vel 3F
WU, Ve BF diske]|22 m(U) = 7 (V) = 00t} W2hA o] &L amal-
gamated product3Fd 7(S™) = 0]t} (4714 n > 20]ojoF UV 7} path
connected ©] T}.)

T3t 52 RP"E] double covering spaceBt= AFEA ZHE 1 (RP?) = Z/29
= & 5 o

ol & ol &3t t= BB E =tk

A2] 1 (Borsuk-Ulam)
(1) There is no anti-pode preserving map f : S™ — St
(2) Let f: S™ — R? = Jx € S™ such that f(z) = f(—x).

3 (1) anti-pode preserving map f7} £A|3thH tha3 diagram©| com-
mute3c}.
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fi : m(RP") — m(RPHE AZASAE, m(RPY) = Z/20]3 7 (RPY) = Z0°]
B2 f, =00t} wabA, RP"] loop2] f-image:= RP'o|A] constant loop2}
homotopicdt loop7} F 11 9] loopE S'e 2 €89 constant loop2} homo-
topicgt loop7} & o] oF gtrt.

2384, m(RP") = Z/20] 22 RP"o||+ constant loop2} homotopicdFA] 9
<2 loop7t A48}, S"Ol A xo2F —20E A ZASHe pathE projectA] 71 A o]
ol st AAS 7} Yt} o] path®] f-imager anti-pode preserving©] 2}
= 7}A AN A S loopZt H A o2 Z diagram©] commute3tt}= ARA o
R < olt} walA] anti-pode preserving map f+ X 5FA] =t}

(2) A x € Smoll B3t f(a) # f(—x)eleha 7 3AL
g: 8" — 8= g(z) = %i 2] 3} g+ anti-pode preserving map©]
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5. m(M™N™) = 7 (M™) xm (N") if n > 3.
M\ B"& A& 2385+ open set U, N \ B"& A& 3 3H38}+= open set V&
m(UNOV)=m(S"1) =00 == 7“2 4 Q,IQEE Z]—Uﬂ St



